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ABSTRACT 

Let A be an augmented K-algebra; define T:A--~A@KA by T(a)= 
l<~a-a@l, a EA. We prove, under some conditions, that g is in the 
subalgebra K [f] of A generated by f if and only if T(g) is in the principal ideal 
generated by T(f) in A @KA. When A = K[[X]], T(f) is a multiple of T(X) if 
and only if f belongs to the ring L obtained by localizing K[X] at (X). 

Introduction 

This paper i~ a sequel of  [1]. 

We want  to relate, by  means  of  the Taylor  series T, as defined in ( I . I ) ,  the 

problem of  s tudying the subalgebra  genera ted  by an e lement  f to the s tudy of  

the principal ideal genera ted  by Tf. 

We will cons ider  c om m ut a t i ve  augmented  K-a lgebras  with unit. Denote  such 

an algebra by A. 

We can prove,  under  some condi t ions ,  that  g is in the K- suba lgeb ra  K[f] of 

A genera ted  by f if and only if T(g) is in the principal ideal genera ted  by Tf in 

A(~A,  which general izes  the result  of  [1]. 

In general ,  if S is the subalgebra  of  A of  e lements  g such that T(g) is in the 

ideal genera ted  by Tff) ,  then S contains  K[f] and S is conta ined in the f -ad ic  

comple t ion  of  such a subalgebra.  We  show an example  in which both inclusions 

are proper :  in the case A = K [ [ X ] ] ,  T(f)  is a multiple of  T(X)  if and only if f 

belongs to the ring L obta ined by localizing K[X] at the prime ideal (X).  

I. Notation 

We fix, once  and for  all, a commuta t i ve  ring with unit  K, our  "sca la r  r ing"  

and will work  in the ca tegory  C of  commuta t i ve  K-a lgeb ra s  with unit element .  

H e n c e  a map is a morph i sm in the ca tegory  of  K-a lgebras ,  unlabeled tensor  

p roduc t s  are taken over  K, and so on. 

t The work on this paper was done while A. Evyatar was in Buenos Aires under the 
auspices of the Mathematic Multinational Program of OAS. 
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If A is an augmented K-algebra,  we will denote by 3' : A --~ K the augmenta- 

tion map. (Since 3' is a K-algebra map, if i : K ~ A  is the structure map, 

3,/= identity.) 

If A E O b C ,  call eo:A- - - , ,A@A the map defined by e o ( X ) - - l Q x ,  let 

E , : A @ A  be defined by E , ( x ) = x ( ~ l  and let I x : A @ A - - - , A  be given by 

p . (x@y)  = xy (the multiplication map). 

If A is augmented, define 8 : A @ A  ~ A  as 8 = p. o ( i Q i ) o ( y @ l ) .  Hence 

8(1 ~ a )  = a, ~;(a ~ 1 )  = iya. 

For a E A, call El = a - i'ya, then ti E Ker 3'. 

A @ A  will be considered on an A-module by left multiplication, i.e., 

a • ( x @ y )  = ax@y. 

DEFINITION 1.1. If A E ObC, call I = K e r / ~ ,  then the (K-linear) map 

T : A - - >  I given by T ( a ) =  I ~ a - a  ~ l  satisfies the following conditions: 

(a) T is K-linear,  

(b) T(xy) -- xT(y) + yT(x) + T(x)T(y), 
(c) T is universal for maps satisfying (a) and (b). 

T will be called the canonical K-Taylor series of A. 

For the properties of K-Taylor  series, see [2], [3], and [4]. 

REMARK 1.2. If a ~ A ,  then T ( a ) =  T(t~). Indeed, since T is linear, and 

= a - iya, and iya E iK we have T( iya)  = O. 

2. Divisibility 

THEOREM 2. I- Let A be a commutative K-algebra. Assume  [, g E A, l[  g is in 

the K-subalgebra K[f ]  generated by [, then Tf  divides Tg. 

PROOF. Since for any x ,y  E A we have 

T(xy)  = xT(y )  + y(Tx)  + T ( x ) T ( y ) ,  then 

n 

and the statement follows. 

COROLLARY 2.2. Let p,h  E K [ f ] , h  invertible in A. If  g = h - ' . p  then 

T(DIT(g) .  

PROOF. Write hg = p. Then T ( p ) =  h T ( g ) + g T ( h ) +  T ( h ) T ( g ) .  By the pre- 
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vious theorem T ( p ) - g T ( h ) - T ( h ) T ( g )  is divisible by T(f).  Hence  

hT(g)  = aT(] ' )  for  some ot C A (~A. 

So T(g) = h-~aT(f).  
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THEOREM 2.3. Let A be a commutative augmented K-algebra. Consider 

f ,g @ A and assume the following properties are satisfied: 

(1) 
(2) 
(3) 
(4) 
(5) 

Then 

A is a free K-module, 

f is not a zero divisor in A, 

is not a zero divisor in A, 

A / f A  is a free K-module, 

Tf divides Tg. 

= g , [ for  some gt E A and Tf divides Tg,. 

PRoov. Since T[ITg, then TfITp,, or 

(2.4) e , , ~ -  E,~ = p ( e o [ - e , f )  for  some  p E A @ A .  

By applying 6 : A @ A  ~ A and using that "y(~) -- -yO r) = 0, we obtain ~ = g~[ 

where  g~ = 6p. By replacing in (2.4), we obtain 

(2.5) (p - E,,g,)E,,f = (p -- e ,g,)E,]  and 

(2.6) T(g ,)e,,f = (p - e,g,) Tf. 

Since A and A / f A  are free over  K we can choose  bases for  both  over  K. Let  

(t , , --- ,t ,)  be a basis for  A over  K ;  then ( I t , , . .  ",[tr) is a basis fo r  [14. Let  

( t~, , . . . ,a~) be a basis for  A/[A  over  K, and ( u h ' - . , u , )  a set of  representa t ives  

of  ( a , , . - - , a s )  in A. 

Then (2.6) can be writ ten 

(2.7) E at O b ~  = E c.~Qd, 

for  suitable finite indexing sets I and J and appropr ia te  e lements  at, bi, cj, d~ in 

A. 

We now express  the e lements  dj as combina t ions  o f  the bas is -e lements  

(u, , . .  ",us) and ([ t , , . .  ",ftr). 

Likewise  we express  the e lements  b-~ in the base ( [ t , . . . , f t , ) .  Then  the 

coefficients of  the basis-e lements  ( u , , . . - , u s )  turn out  to be all zero,  and it 

fol lows that the e lements  di all have  f as a factor .  
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T(f)IT(g,). 
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THEOREM 2.8. Let A be a commutative augmented K-algebra. Assume that 

f ,g  @ A and that the conditions of Theorem 2.3 are satisfied; then from 

T( f ) lT(g)  it follows that g is in the f-adic completion of the K-subalgebra 

generated by [ in A. 

PROOF. The conditions of the theorem are the same as in Theorem 2.3. 

therefore we have ~ -- g,f. for some g, ~ A and T(f)lT(g~). Hence we can write 

g = g , f + d ,  

where d, = iyg, df EiK.  Now the pair (f.g,) again satisfies all the conditions of 

theorem 2.3. Therefore g, = g ~  for some g2 E A and T(f)lT(g2) which means 

that 

g = (g2f + d2)f + d, ; d,, d2 E iK. 

The same process can be started again with the pair (f, g2). 

We go on this way. Two things can happen. Either at a certain stage we 

obtain an element gj which is in iK (in that case g turns out to be a polynomial 

in ~ or for that matter in f)  or the process goes on indefinitely. In the latter 

eventuality g is in the f-adic completion of the subalgebra generated by f in A. 

. 

From now on we restrict ourselves to the case where K is a field. 

THEOREM 3.1. Let A be a graded K-algebra which is an integral domain. I f  

~,g C A  and T( f ) IT(g) ,  then g is a polynomial in f. 

PROOF. A @ ObC. Moreover the conditions of Theorem 2.8 are satisfied. 

In this case the inductive process described in the proof of Theorem 2.8 is 

finite, since the sequence of elements g,, g2, '" ",gr thus obtained is made up of 

elements of strictly decreasing degrees. Eventually we reach a non-zero 

element of K, which we suppose to be gr. Then g is a polynomial in f of 

degree r. 

THEOREM 3.2. Let A ~KA be a graded K-algebra. I f  [,g ~ A, T(f)IT(g)  and 

T(f)  is not a zero-divisor in A QKA, then g is a polynomial in f. 
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PROOF. A C ObC, and the conditions of Theorem 2.3 are satisfied. There-  

fore.  f rom T ( g ) = p , T ( [ ) .  p, E A@KA it follows that 

(3.3) ~ = (6p,)[ and T(DIT(6p,) 

so that 

(3.4) T(~p,) = p2T(f) p2 E A @KA. 

From (3.3) we obtain, by Definition ( I . I ) ,  

(3.5) T(p, ) = ( ~p ,) T( f )  + fT(  6p ,) + T( 6p ,) T( / ) ;  

substituting f rom (3.4) in (3.5) we obtain 

(3.6) T(~, ) = ( 6p ,) T(D + [p2 T([) + p_.[T([)]2; 

since T(g) = p ,T (D and T(f)  = T(f)  we obtain 

p ,  = p 2 T ( f )  + h,2 + ( a p , ) ~ l  

= p ~ ( l @ , , f - f ® , ,  I) + fp2+ ( a p , ) ~ l  

= p:(I @ j )  + (~p,)C~l. 

Since A @,,A is graded, it follows that degree p2 < degree p,. 

From here on we proceed in a way which is similar to the end of the proof  of 

the preceeding theorem. This time the sequence of e lements  p , , p 2 , " "  is of  

strictly descending degrees. 

THEOREM 3.7. Let A E ObC, K be a field, jr C A. The set of elements g in A 

such that T(f)  lT(g)  is a sub-K-algebra of A. 

PROOF. Since T is linear, we have only to prove that if T(DIT(g,) and 

T(DIT(g2) then T([)lT(g,g2). This follows f rom Definition ( I . I ) :  

T(g,g2) = g,T(g2) + g2T(g,) + T(g,)T(g2). 

4. Power series rings 

In order  to show that the subalgebra S we obtained in Theorem 3.7 can be 

strictly between the subalgebra generated by [ in A and its completion,  we will 

consider the case A = K[[X]] ,  K a field of characterist ic zero. The finiteness 

conditions imposed by the tensor product (i.e.. in A @A ) show that, in general, 

not for every jr E A we have TXI Tjr. 
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First of all, we consider the inclusion A @ A  --~B = K [ [ y , , y d ]  by writing 

l ~ ( E o a , X ' )  = E0~ a~y ',, (Eo a~X~)~)! = Eo a,y~. Then,  for  f = F_,oa,X ~ we have 

= ~ a , (yl  -y-~)  
o 

= (y~-  y 2 ) ~ a ,  y,y2 
0 \ j  = o  

° 

r(X)~o a 
. =  

So, we can write T(D = T ( X ) h  with h E B. 

Our interest is, then, to know under which conditions (to be imposed on .f) we 

have h E A ( ~ A .  We will prove that h E A @ A  if and only if f E L  (see 

introduction for the definition of L).  

Call h = T ( f ) / T ( X ) .  Since we use the A-module  structure of  A @ A  by 

multiplication on the left, and T ( X ) =  y l - y 2 ,  we will denote yf = X, y2 = 

X -  T(X) ,  hence every polynomial in y,, y2 can be written in terms of X and 

T(X) .  

EXAMPLE 4. I. We compute  T ( f ) / T ( X )  when f is a geometr ic  series inX. Let  

f = EoaiX i. Then 

T(f)  = ~ a iT(Xi ) 

a ' ~ ,  T ( X ) y X '  ( 
i = l  i = l  

For  a given j the coefficient of (TX)  i is 

zo  ! .'f 
,>i j!  dXj " 

Therefore  

T(f)  _ a ' ~  (T(X))~- 'X '-j 
T ( X )  ,>j ~=, 

Let  k = i - j ;  then the coefficient of (T(X) )  j-' is 
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If H E K[[y~y2]], define H~j as the coefficient of X ' ( T ( X ) )  i in the develop- 
ment of H. Then 

T---~],i j + I !) a'+j÷' 

Similarly (T(f))n (r  ; = a'+~ and 

(fT([)),i = ~'~ a r a "+j 
r + s = i  

~ = o ( S ; ' ) = (  i+,+j+! I), hence 

( f T ( / ) ) , = ( i + ] + l  . . 
. / + i  ) a'+' 

i + 
: y , ( S  !~ ,+, b u t  

~ o \  j /a 

PROOF. 

6 ( x )  = 1, 

d Therefore. denoting by ~ the 

T ( f ) _  df + a f T ( f ) = g  C A  @ A ,  so tha t  
T(X)  d X  

T [ = g T ( X )  in A @ A .  

THEOREM 4.2. Let f = Z & X  ~, g. = Zg~,X', ho = Zh. ,X'  be 
K[[X]] ,  a E J, J a finite indexing set. Then. if 

T(f)  _ d[ + ~g~T(h~)  wehave 
T (X)  dX  

{ T(f)  Comparing ~T--~/~j with a (fT(f))~j it is clear that the difference is given by the 

terms in j = 0 or Y?=,ia*X ~-'. 

~, g.,h~ = a, +i +,. 

continuous derivation A--~A 

T~-2-)/,j J + I 

(T(h,~)),.~ = (r + J)h~,+j 
J 

• ~ ,  /r+l"~ 
(g~T(h~)), = 2., I • l g ,  sh~,.j 

defined by. 

elements of 

(0 ~< i , j  ~<oo). 

0 ~ i ,  1 ~ j .  
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Or 
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I~g.T(h.)L=£(r+ 
Putting i = 0 we have 

~ g~oh~j = at+, 

Assume, as an induction hypothesis that 

Then 

But 

Since 

hence 

j>~l.  

~,g~h~j = a~+l+, for  all 1 < i. 
c~ 

g.T(ho)], : g.,h., + (r 

{ ~ g ~ T ( h ~ ) ] o : [ T ( f ) ~  =(i+j+I)a,+,+, .  
\ T---(-~I,~ j + j 

~=o(r+l~= i j + l  ; 1 ) : (  j + l  ) - '  
\ j l  ( +  

/ +1  ) '  then ,=,~(r i + j + !  

Israel J. Math., 

E g~jh~j = ai+i+r. 
c~ 

Denote by N -- (i , . .  • ".ira) an m-tuple of natural numbers, and let an N-row 

of f ([=E~=oaix ~) be the m-tuple (a~+~,,--",ai,.) for  any j. We will call 

N-matrix of f an m x m matrix whose rows are N-rows.  i.e., a matrix 

M = (bik) with bjk = aw~+k. 

THEOREM 4.3. Let A = K[[X]]  and f E A. Then T(X)[T(f) if and only if 
there exists an m-tuple N such that all N-matrices o f f  have zero determinant. 

PROOF. Suppose that 
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(4.4) r ( f )  = d f  + ~.g~T(h . )  
T ( X )  d X  ,~ 

and a m o n g  all poss ib le  such d e c o m p o s i t i o n s  se lec t  a shor tes t  one,  say 

i<~a<~m. 

Cons ide r  the ( m x  oo)-matrix IIg~,ll- I f  its r ank  is smal le r  than  m, then  there  is a 

g, say g,,, which  is a k - l inear  c o m b i n a t i o n  of  the  p rev ious  ones ;  s ince T is 

K - l i n e a r  we can  find an expres s ion  (4.4) with less than  m te rms ,  con t rad ic t ing  

our  hypo thes i s .  

T h e r e f o r e  I[g~,ll mus t  have  rank  m, i.e., there  exis t  indices  i , , - . . , i , ,  such that  

Ig~,, l is invert ible .  

Cons ide r  the equa t ions  

a 

a 

N o w  cons ide r  any  new equat ion  

Then  the de t e rminan t  

g,~ " " • g m ~  aj+~+~ 

g I i m " " * gm i  m 4[~j  + im  + | 

must  be  zero  fo r  all j. Since [gkl, [is inver t ible ,  aj+~,+, is a fixed linear combina t i on  

of  a~+,,+,,. • ",ai+~.+, with r e spec t  to ] ( = i ndependen t  o f  j ) ,  I ~  0. 

Hence ,  if N = (io," • ",i,,), eve ry  N - m a t r i x  has  ze ro  de t e rminan t ,  and io turns  

o u t  to be a rb i t ra ry!  

T o  p rove  the c o n v e r s e ,  a s s u m e  that  there  is an N o = ( / , ,  - .- , ira) and an 

No-matr ix  with non-ze ro  de t e rminan t  and an N = (io,i,, ' . .  ,ira ) =  (io,No) such that  

all N - m a t r i x  have  zero  de te rminan t ,  i.e., 
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ai,+j, 

a~.+j, 

and,  fo r  eve ry  j, 

A. A. EVYATAR AND O. E. VILLAMAYOR 

• • " a , , + ~ .  

#0 
ai.+j. 

a i , + i ,  • • • ai ,+i ,  ai ,+i 

aio+i, • • " a~+j 

Israel J. Math.. 

= 0 .  

Then  as+j. is a linear combina t ion  

a~+h = ~ cka,k+~,, independent  of  j 
k = l  

a~+j = ~ daa~+i,, independent  of  io. 

Not ice  that  s ince io is arbi t rary,  we can c h o o s e  io so that io+ j, is the smallest  

integer not  appear ing  in ( i , . - .  i,). 

Take  g,  = a,+~,, 1 --< r --< n. 

Then  there exists  an io such that 

grio+l ~ ~ Ckgrlk+t. 
k = l  

Hence ,  if we solve the sys tems  

g,~,.h.j = aj+,.+, is E No 
ot 

the unique solutions h~j will sat isfy all the equat ions  Y~,g.,h,,~ = aj+,+, and, hence  

we have  

T( f )  _ df  ~ ~g~,T(h~).  
T ( X )  d X  

Cons ider  K [ X ] C K [ [ X ] ]  and call L the ring obta ined  f r o m  K [ X ]  by 

localizing at the ideal (X).  H e n c e  L C K [ [ X ] ] .  (Actually,  K [ [ X ] ]  is the X - a d i c  

comple t ion  of  L.) 
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Accord ing  to Corol lary  2.2, if a E L, T ( X ) [ T ( a ) .  We wan t  to  p rove  the 

converse .  

Accord ing  to T h e o r e m  4.3, if a = Eoa~X ~, T ( X )  I T ( a )  implies the ex is tence  o f  

an N such that,  fo r  eve ry  j >--O, aN+t = E~ -~ qal+i. 

- Eo q X  ; hence  all coefficients o f  p • a are zero  fo r  degrees  Call p = 1 ~-i ~-~ 

higher  than N hence  pa = q E K[X] ,  and p is invertible in K [ [ X ] ] ,  hence  

a E L .  

So, we have  proved  the fo l lowing theorem.  

THEOREM 4 . 5 .  Let A = K [ [ X ] ] ;  then [or a E A, T(X)}T(a)  i[ and only i[ 
a E L .  
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